In this work, we propose a model of the coronary circulation based on hydraulic/electric analogy. This model aims to provide quantitative estimations of the distribution of flows and pressures across the coronary network for patients with stenoses of the left main coronary artery (LMCA), left anterior descending artery (LAD) and left circumflex branch (LCx), and chronic occlusion of the right coronary artery (RCA), undergoing off-pump coronary surgery. The results of the simulations are presented for 10 patients with various stenoses grades and collateral supply. For each patient, the four revascularization situations (no graft operating, pathological situation (0G); right graft only (1G), left grafts only (2G), complete revascularization (3G)) are considered. It is shown that: 1) the complete revascularization is fully justified for these patients because neither the right graft alone, nor the left grafts alone can ensure a sufficient perfusion improvement for the heart; 2) the capillary and collateral resistances (and the proportion between them) have a major impact on the flows and pressures everywhere in the network; 3) in the presence of the left grafts, the flows in the native stenosed arteries become low and this could promote the development of the native disease in these branches.
INTRODUCTION
Bypass grafting is commonly performed to obtain myocardial reperfusion distal to critical coronary stenoses or thromboses. An accurate model of the coronary circulation would be helpful for predicting the effects of pathophysiological and pharmacological interventions, especially bypass grafts. Developing such a model is a complicated task due to the complexity of coronary hemodynamics, especially in pathological situations. Coronary artery diseases may induce the development of a coronary collateral circulation, which is generally estimated from a patient's angiogram. However, well developed collaterals are a risk factor for restenosis after bypass grafting due to competing hemodynamic forces. In this work, we study the case of severe coronary diseases: patients have stenoses of the left main coronary artery (LMCA), left anterior descending artery (LAD) and left circumflex branch (LCx), and chronic occlusion of the right coronary artery (RCA). In this clinical situation, the collateral circulation to the occluded artery is difficult to ascertain from preoperative measurements and it is debatable whether it is necessary to revascularize the right artery.
In a previously published paper [1] , we proposed a model based on hydraulic/electric analogy that describes the coronary artery system mathematically. This model has been modified in order to include possible stenosis of the LMCA and to take into account variable stenosis coefficients on all left branches. In the present paper, we provide the detailed hemodynamic results for 10 patients with different stenoses severities. The simulations allow to know the pressures and flow rates in the stenosed native arteries, the collateral branches, the capillary areas, depending on the revascularization status (no grafts, right graft only, left grafts only, complete revascularization).
It is hoped that these computations will augment the surgeons professional experience in decision making process.
Informed, signed consent was obtained from the patients before participating in the study.
The reductions in diameter and area of the stenosed arteries were estimated from angiographic observations, before surgery.
The off-pump coronary surgical procedure has been described previously [2] . The RCA is first revascularized via a saphenous vein graft. Two series of measurements are performed: P ao (aortic pressure), P v (central venous pressure), P w (pressure distal to the RCA occlusion), with the right graft clamped (0G); and P ao , P v , Q RCAg (flow rate in the RCA graft) with the right graft opened (1G). The left coronary arteries are then revascularized via the internal thoracic arteries. Two additional series of measurements are performed: P ao , P v , P w , Q LADg and Q LCxg (flow rates in the LAD and LCx grafts) with the right graft clamped (2G); and P ao , P v , Q LADg , Q LCxg and Q RCAg with the right graft opened (3G). Flow rates are measured with an ultrasonic transit time flowmeter (Butterfly Flowmeter 2001; Medi-Stim, Oslo, Norway), after hemodynamic stabilization.
Biomechanical Model
A lumped biomechanical model of this coronary network is proposed in Figure 1 . In this model, the capillaries are represented by their hydraulic resistances (R LADc , R LCXc , R RCAc are the resistances of the capillaries vascularized by the LAD, LCx and RCA arteries, respectively). The blood flow rates across the LAD, LCx and RCA capillaries are denoted by Q LADc , Q LCXc , Q RCAc respectively. Q col1 and Q col4 are the collateral flow rates from LAD towards RCA (before and after LAD stenoses, respectively), Q col2 and Q col5 are the collateral flow rates from LCx (before and after LCx stenoses, respectively) and Q col3 is the collateral flow rate from the aorta towards the RCA.
Full resolution of the fluid mechanics equations in such a network is complicated. As suggested by several authors, prediction of flows and pressures can be facilitated by the use of an analog electrical model [3] .
The Electrical Model
The electrical analog model corresponding to the coronary network of Figure 1 is shown in Figure 2 . Each segment of the coronary artery can be simulated by an equivalent analog circuit model with resistance R (hydraulic resistance of the vessel), capacitance C (compliance of the vessel) and inductance L (inertia of the flowing blood). The LMCA is represented by R LMCA , C LMCA and L LMCA . The LAD is represented by R LAD , C LAD and L LAD . The LCx is represented by R LCX , C LCX and L LCX . The RCA is represented by R RCA , C RCA and L RCA . Our coronary artery system was modeled in the presence of bypasses. Pietrabissa et al. suggested some representation of internal mammary artery grafts (IMAG, used for left coronary artery bypasses) and saphenous vein grafts (SVG, used for the RCA) that are supported by physiological observations [4] . To take into account tapering, the IMAG is artificially divided into two segments of equal length (70 mm) but of different diameters (2.8 mm and 2 mm, respectively); consequently, it is modeled by five elements: two resistances R IMAG1 , R I-MAG2 ; two coils L IMAG1 , L IMAG2 ; and a capacitor C IMAG . SVG is modeled by two elements: a resistance R SVG and a coil L SVG . The SVG model does not include an electric capacitance as experimental data confirm that when a vein is exposed to arterial pressure it loses its high compliance characteristics. The myocardial capillaries fed by the left and right coronary arteries are represented only by their resistances R LADc , R LCXc and R RCAc . This approximation is convenient since the resistive effects are preponderant for small diameter vessels like capillaries [3] . For the same reason, the collateral vessels are also represented only by their resistances R coli , i = 1-5.
In this hydraulic/electric analogy, pressure and flow rate correspond to electrical voltage and current, respectively.
According to the network presented in Figure 2 , the flow rate in the LAD artery, Q LAD , is defined as the sum of the flow rate in the LAD graft, Q LADg , (if it exists), and of the flow rate in the stenosed native artery, Q LAD1 . The same notations are used for the LCx branch.
The sum of the right and left coronary flows is denoted Q t :
where  = 4  10 -3 kg.m -1 .s -1 is the blood viscosity;  = 10 3 kg.m -3 is the blood density; E = 2  10 5 Pa is the Young modulus of the vessel; l (m) is the vessel length; D (m) is the vessel diameter and h (m) is the vessel wall thickness (estimated as: h = 0.08D). Table 1 shows the values of R, L and C for the left and right coronary arteries and grafts. These values were provided by Pietrabissa et al. [4] except for the data for the RCA. In our study, the useful length of the RCA corresponds to the part distal to the thrombosis. This has been estimated as half of the LAD length and R, C and L for the RCA were deduced from those provided by Pietrabissa et al. for the LAD [4] .
Left coronary stenoses were considered by varying the parameters of specific segments of the net as follows [5] :
where  = 1 -p, p is the percentage of area reduction of the stenosed vessel. R 0 , C 0 , and L 0 are the values when p = 0.
Capillary Resistances
These resistances (R LADc , R LCXc and R RCAc ) are patientspecific. Their determination is performed using the experimental data of the case (3G) for each patient. The detailed calculations are given in [6] . 
Collateral Resistances
Due to the difficulty of determining the exact characteristics of the collateral pathways, it was assumed that all the collateral resistances are the same [1]:
This resistance is also specific to each patient. In the case of RCA occlusion and three vessel disease, the value of R col is strongly related to the value of pressure P w . Thus, the P w value measured in case (2G) is used as a convergence criterion to numerically determine the convenient value of R col for the patient. The numerical simulations are performed using the Matlab Simulink program. The value of R col is changed until the calculated P w value converges towards the clinically measured one.
Flow Rate and Pressure Simulations

Aortic Pressure
The input of the model is the aortic pressure wave, P ao (t), measured for each patient and each situation (0G, 1G, 2G, 3G).
Matlab Simulations
Once the model parameters are determined, flow and pressure predictions can be performed in any branch of the model and for all surgical cases. The calculated flows and pressures are time-dependent, but we focus on average cardiac cycle values. This is consistent with the fact that the collected clinical data are also average cardiac cycle values.
The influence of ventricular contraction upon coronary vascular bed resistance and compliance is not taken into account in our simulations. The impact of this assumption is probably less important in the case of our study than it would be for healthy patients. Wang et al. [5] have indeed shown that when severe stenoses exist, the significance of the collapse effect of intramural arteries due to myocardial contraction is reduced.
RESULTS
Stenoses Severity
The percentages of area reduction of the stenosed vessels for each patient are given in Table 2 . For all patients, the RCA is totally occluded. Patient 7 has no stenosis on LAD; Patient 9 and 10 have no stenosis on LCx. Patients 1, 4 and 5 have moderate lesions on LMCA. Patient 1 has a very severe lesion on LAD.
Capillary and Collateral Resistances
The values of the capillary and collateral resistances for each patient are presented in Table 3 . Despite the fact that the description of the coronary network presented in this paper is more precise than that presented in the previous paper [1] , the mean values obtained for these 10 patients are in the same range than those previously published. As discussed in [1] , these values are in good agreement with literature data. Important values of R col indicate that the collateral network is not very developed or not functional. The values of resistances presented in Table 3 are affected by a great variability. This finding supports the motivation of our work: the necessity to provide patients' specific simulations.
Flows in LAD Branch and in LCx Branch
In the following, all the quantities are calculated values, except when indicated with the notation "Cli" (used to denote measured clinical values). The values of the flow rates in the native stenosed LAD (Q LAD1 ), in the LAD graft (Q LADg ) and the total flow rate in the LAD branch (Q LAD ) are given in Table  4 .
The same type of values, for the LCx branch, are given in Table 5 .
One can notice that the flow rates in the native stenosed artery, Q LAD1 or Q LCx1 , is only slightly affected by the presence of the right graft (mean value of Q LAD1 in the case (1G) = 25.3 ± 24.2 and in the case (0G) = 28.4 ± 24.1; mean value of Q LCx1 in the case (1G) = 28.0 ± 23.4 and in the case (0G) = 31.3 ±2 3.5). This slight decrease is due to the fact that, in the presence of the right graft, the pressure drop across the LAD or LCx stenosis is slightly modified (because the pressure gradients across the collaterals are modified).
On the contrary, there is an important decrease of Q LAD1 and Q LCx1 in the presence of the left grafts (mean value of Q LAD1 in the case (2G) = 7.9 ± 17.2, in the case (3G) = 7.4 ± 15.7 and in the case (0G) = 28.4 ± 24.1; mean value of Q LCx1 in the case (2G) = 11.4 ± 18.8, in the case (3G) = 12.5 ± 22.3 and in the case (0G) = 31.3 ± 23.5). This decrease is less important for Patient 7 (no stenosis on LAD) and for Patient 9 and 10 (no stenosis on LCx). When the LAD graft or LCx graft are present, the pressure drops across the LAD or LCx stenosis are reduced and since the hydraulic resistances of these stenosed arteries remain the same, the flow rate drops. Some sort of flow compensation appears between the graft and the native artery, especially if the native artery is not too severely obstructed (for example, this remark does not apply for the Patient 1, whose LAD branch is almost totally obstructed). Overall, the perfusion of the LAD territory (Q LAD ) or of the LCx territory (Q LCx ) is improved in the presence of the left grafts, but this improvement remains moderate (lower than 10ml/min). This finding is important because it means that the graft could thus promote progression of native disease. It is hoped that these results will bring some new arguments to the controversy that exists regarding the competitive flows between the native stenosed artery and the graft [7] [8] [9] [10] [11] .
For Patient 9, a negative Q LAD1 flow is obtained in the presence of the left grafts (cases (2G) and (3G)).
For this patient, the LAD capillary resistance, R LADc , is quite high when compared to R LCxc , and is of the same order as R col . Besides, the LAD stenosis is not too severe; so that the blood brought by the LAD graft will flow preferentially in the native LAD branch rather than through R LADc or R col4 . The same explanation prevails for Patient 3, but this patient has more severe obstructions of [9, 11, 12] . However, the situation studied in this paper is somewhat different because of the LMCA stenosis. This observation about Patient 9 is consistent with the high flow rates predicted in its LCx branch (this patient has no stenosis on LCx and a low R LCxc value). Patient 10 has also no stenosis on LCx, but he does not present such a disproportion between R LCxc and R LADc .
This demonstrates that the values of the capillary and collateral resistances have a major impact on all the pressures and flow rates, including the flow rates in the grafts. . Such a correlation between graft flow and grafted perfusion area has been demonstrated previously by Hirotani et al. [13] .
As we previously found in [14] , a small decrease (a few ml/min) of the flow rates in the left grafts can be noticed in the case (3G) compared to the case (2G).
Flows and Pressures in the RCA Branch
The values of the pressures distal to the thrombosis on RCA (P w ), of the flow rates in the RCA graft (Q RCAg ), and of the flow rates in the right capillary area (Q RCAc ) are presented in Table 6 .
As we previously found in [2] , no significant change in the mean value of P w in the presence of the left grafts (case (2G) compared to case (0G)) can be demonstrated. Moreover, no evident correlation appears between the values of P w and the corresponding flow rates in the right capillary area, Q RCAc .
The flow rates Q RCAg (1G) are slightly higher than Q RCAg (3G) (mean value of Q RCAg in the case (1G) = 51.5 ± 27.6 and in the case (3G) = 44.7 ± 23.2) because of the negative collateral flows that exist in the case (1G) (For example, for Patient1, because of the severe obstruction of the LAD artery, Q col4 is important (= -15ml/min, see Table 7) ).
For all patients, the perfusion of the right territory, Q RCAc , is improved in the presence of the right graft (mean value of Q RCAc in the case (1G) = 44.7 ± 23.5, and in the case (3G) = 43.6 ± 22.8; mean value of Q RCAc in the case (0G) = 19.3 ± 10.3, and in the case (2G) = 20.5 ± 10.3). However, for patients 8 and 10, this perfusion appears to be critically low. This seems to be related to their high values of the right capillary resistance R RCAc .
For patients 4 and 6, Q RCAc is low in the case (0G) and (2G), and this seems to be related to high values of the collateral resistance R col . For patients 7, 9 and 10, the important Q LAD1 or Q LCx1 flow rates due to the absence of stenoses on the LAD or LCx branch are not associated with any particular improvement of the right territory perfusion.
More generally, it appears from the results of Table 6 , that, in the presence of the left grafts, the Q RCAc flow rates are not significantly modified (mean value of Q RCAc in the case (2G) = 20.5 ± 10.3, and mean value of Q RCAc in the case (0G) = 19.3 ± 10.3). Most of the blood brought by the left grafts is used to perfuse the distal left territories (Q LADc and Q LCxc ). This observation is consistent with our previous results [1, 15] .
Collateral Flows
The results of the collateral flows are presented in Table  7 , for each patient and each revascularization situation. Because of the assumption that the collateral resistances are the same (Eq.4), we have P M -P w = R col . Q col1 = R col . Q col2 (see Figure 2) ; consequently, Q col1 = Q col2 .
In the situation (0G) and (2G), the flow is delivered to the right territory via the collaterals only. However, it can be seen from Table 7 that these collateral flows remain low in all cases. The presence of the left grafts does not really improve the collateral flows. In the case of Patient1, we obtain a negative Q col4 value in the pathological situation (0G). This indicates that blood flows from the right artery to the LAD, which is almost totally occluded. The same remark can be made for Patients 3 and 4, whose collateral flow rates Q col5 (0G) are negative because severe stenoses are present on the LCx artery.
Such reverse collateral flow also exists when the right graft is present, especially in the case (1G): due to the presence of the right graft, the right territory is better perfused and the pressures in the right area become higher than those of the left territories. This has been also demonstrated by other authors: Miyamoto et al. [16] have shown that revascularization of the receiving artery can reverse the pressure gradient across the collateral network, establishing collateral flow in the opposite direction.
Q col1 and Q col2 , in the case 0G, are slightly higher than Q col1 and Q col2 , in the case 2G (mean value of Q col1 in the case (0G) = 5.0 ± 3.2, and in the case (2G) = 4.2 ± 2.2). This is consistent with the fact that, in the presence of the left grafts, the flow in the native artery decreases, and consequently, Q col1 and Q col2 decrease.
For patients with moderate lesions on LMCA and severe stenoses on LAD and LCx (for example, patient 1 and 5), the blood is forced to flow through R col1 and R col2 , yielding values of Q col1 and Q col2 in the case (0G) higher than those obtained for other patients. For these patients, Q col3 is high also, because R col is low. For the same reason, the collateral flows of the case (2G) for these patients are somewhat higher than those obtained for other patients.
We also notice that, in the case (0G) and (2G), Q col3 directly varies as the pressure drop (P ao -P w ).
In the case (3G), the collateral flows become negligible. Loss of collateral flow after revascularization agrees with the findings of previous studies: Wang et al. found that collateral flow disappeared in 12/14 patients after grafting of the RCA [17] . Werner et al. also demonstrated regression of collateral function after recanalization of chronic total coronary occlusions [18] .
Total Flow Qt
The results obtained for Q t are shown in Table 8 . It appears that the better perfusion will be obtained with the three grafts. In the case (2G), there is an improvement of Q t , compared to the pathological case (0G) (mean value of Q t in the (2G) case = 91.4 ± 26.4, and in the (0G) case = 75.3 ± 24.7), but this improvement is related to an increase of Q LAD and Q LCx , and the presence of the left grafts does not really improve Q RCAc . Conversely, in the case (1G), Q RCAc is improved by the presence of the right graft, but Q LAD and Q LCx remain rather the same as in the pathological case. This demonstrates that, for the patients considered in this study, complete revascularization (with the 3 grafts) is fully justified. However, for Patient 8 and 10 (and in a lesser extent, 6), the revascularization yields a very small improvement of Q t . 
DISCUSSION
To the best of our knowledge, the current study is unique because of the specific three vessel disease situation, and because our simulations take into account simultaneously the effect of revascularization, the grade of native arteries stenoses and the collaterality. The values presented in this paper for the flow rates, pressures, capillary and collateral resistances, are in complete agreement with the results previously obtained with a less sophisticated version of the model [1] . The range of these values and the main assumptions and limitations of the model have already been discussed in [1] .
In spite of these limitations, the clinical relevance of our results seem good; the results confirm the surgeons professional experience and agree with the data and analysis that can be found in the literature.
The most important features shown by the calculations can be summarized as follows:
 Important variability between individuals for their capillary resistances and collateral resistances (R LADc , R LCxc , R RCAc , R col ). This supports the motivation of our work to develop patient's specific simulations.  The complete revascularization is fully justified for these patients because neither the right graft alone, nor the left grafts alone can ensure a sufficient perfusion improvement for the heart. The left grafts mainly contribute to a better perfusion of the left territories, instead of the collateralized right region. In all cases, the contribution of the collateral flows remain low (a few ml/min).
 When the three grafts are functional, the collateral channels play no more role and a severe reduction of the flow rates in the native left arteries is demonstrated (depending on their degree of occlusion). The left grafts could thus promote progression of the native disease.  The values of the capillary resistances and collateral resistances have a major impact on the flows and pressures everywhere in the network and it appears that each variable depends on all the others. For example, it is difficult to study separately the influence of the LAD stenosis or LCx stenosis, because the flow in the corresponding branch also depends on the LMCA stenosis, on the capillary resistance R LADc or R LCxc , on the collateral resistance R col , on the pressure difference between the left and right branches, on the aortic and venous pressures, … However, further work is necessary to improve the physiological relevance of the present model:
 Improve the representation of collateral vessels (the assumption that all the collateral resistances are the same is probably not very realistic)  Take into account the capillary resistance variation during the cardiac cycle, due to myocardial contraction In a further step, the model could then be transformed in order to work with pre-operative clinical measurements and thus become a full predictive model.
